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Bayes' Rule Revisited ESU

* We have reviewed MLE and MAP, which give point
estimations of the parameters

* However, ideally, we want a posterior distribution of
the parameters given the data (rather than points)
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Bayes' Rule Revisited

* We have reviewed MLE and MAP, which give point
estimations of the parameters

* However, ideally, we want a posterior distribution of
the parameters given the data (rather than points)

Baves 1 9ID) = p(6,D) p(6)p(D|6)

Rule
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Bayes' Rule Revisited

* However, in most cases, the posterior distribution
cannot be computed following Bayes’ Rule (due to
the intractable integration)

Bayes’ p(olD) — —

Rule
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Conjugate prior

* We now introduce a special case, where we can
compute the posterior distribution analytically

)= A6t )

p(D)  [p(8)p(D|6)de
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Conjugate prior - definition

p(0|D) = =

* Definition: Given a prior distribution and a likelihood
function, if the corresponding posterior distribution
has the same functional form as the prior
distribution, we call the prior distribution is
conjugate to the likelihood.
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Commonly Used Examples

* Beta prior is conjugate to Bernoulli likelihoods

p(ula, b) = Beta(p|a, b) oc p®~ (1 — p)®~"
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Commonly Used Examples

* Beta prior is conjugate to Bernoulli likelihoods

p(ula,b) = Beta(pa, b) oc (1 — p)*

1—x :
Bernoulli

p(z|p) = Bern(z|p) = p*(1 — )
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Commonly Used Examples

* Beta prior is conjugate to Bernoulli likelihoods

p(ula, b) = Beta(pla, b) oc (1 — )"~

p(z|p) = Bern(z|p) = p®(1 — p)* =% sermoul

p(ulz) o p(ula, b)p(e|u) o p®* (1 — p)b+1-=—7
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Commonly Used Examples

* Beta prior is conjugate to Bernoulli likelihoods

p(ula,b) = Beta(ula, b) oc p~ (1 — p)"~"

3 .
Bernoulli

p(a|n) = Bern(z|u) = p®(1 — p)'~

p(plz) o p(ula, b)p(a|u) odp=1(1 — )P

p(pulx) = Beta(a + z,b+ 1 — z)

CIS 5930: Probabilistic Modeling Spring 2025



Commonly Used Examples

* Beta prior is conjugate to Bernoulli likelihoods

p(pla, b) = Beta(pla,b) oc p@ 11 — p)b?

-z

p(z|p) = Bern(z|p) = p*(1 — p) Bernoulli

p(ulz) o p(ula, b)p(e|u) ol pd* (1 — p)P+1—2—1

p(p|z) = Beta(a + z,b 4+ 1 — ) Notexis either 0 or 1
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Prior vs. Posterior

2 2 2
prior likelihood function posterior
1 1 1
0 0 0
0.5 1 0 0.5 1 0 0.5 1
M M M

Beta(u|2,2) Pl@=1p)=p'Q-p' =4
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Prior vs. Posterior

2 2 2
prior likelihood function posterior
1 1 I
0 0 0
0 0.5 L 0 0.5 1 0 0.5 1
1 Iz 12

e Ae= )= prid=pl - = Beta(|3,2)
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Commonly Used Examples

* Dirichlet prior is conjugate to categorical likelihoods

p(pla) = Dir(u\a)zr( Hu""‘ :

p(x|p) = HM
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Commonly Used Examples

* Dirichlet prior is conjugate to categorical likelihoods

p(ula) = Dir(p|a) = o H“ak 1
p(x|p) = H Ly
K
plal) o plaslep(elp) ox T ][+ 7)

k=1
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Commonly Used Examples

* Dirichlet prior is conjugate to categorical likelihoods

p(ple) = Dir(pla) = el Hua’“ )
p(x|p) = H,u
K
p(ux) o p(ulap(xli) o [ [ )

k=1

p(plx) = Dir(pfx + @)
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Commonly Used Examples

* Gamma prior is conjugate to Gaussian likelihood

1

p(A|a, b) = Gam(\a,b) = T(a)

bAAYT exp(—bA)

plali, ) = N el A7) = (o) 72 exp(— 5 (@ — )?)
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Commonly Used Examples

* Gamma prior is conjugate to Gaussian likelihood

_ 4

p(A|a,b) = Gam(\a,b) = )

b A exp(—bA)

el ) = Nalp A™) = (o2) ' exp(~5 2 — ?)

p(AJz) oc p(Aa b)p(alp, A) o A2 exp(~M(b + 3 (z — 1)%))
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Commonly Used Examples

* Gamma prior is conjugate to Gaussian likelihood

1

p(Aa,b) = Gam(M|a,b) = T(a)

b*AY exp(—bA)

plali, ) = N el A1) = (o) exp(—2 (& — )?)

p(Oe) & p(Aa, Bplali, A) & A2 exp(—A(b + 2o — 1))

1 1
p(Az) = Gam(a + §,b+ 5(.%‘ — 1))
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Commonly Used Examples FS]L[I

* Wishart prior is conjugate to multivariate Gaussian
likelihood

1
p(A) = W(AIW,v) o [A|#7D 2 exp (— —tr(W'A))
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Commonly Used Examples FS]L[I

* Wishart prior is conjugate to multivariate Gaussian
likelihood

P(A) = W(AIW, ) oc |A|¢=4D/2 exp (— %tr(W‘lA))

POxlpa, A) = Nxlpa, A7) ox [A]2 exp = 5 0c — )T AGe — )
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Commonly Used Examples FS]L[I

* Wishart prior is conjugate to multivariate Gaussian
likelihood

P(A) = W(AIW,v) oc |A|=F D2 exp (- %tr(W—lA))

Plxlia, A) = N (elps, A7) o |41V exp (— 5 (x — )T AGe — )

P(AIX) o \A|mexp~—tr(w +(x— p)(x - @) T]A)
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Commonly Used Examples

* Wishart prior is conjugate to multivariate Gaussian
likelihood

p(A) = W(AIW, v) o |A|“=4D/2 exp (- %n(wflA))

Plxlps, A) = Nl A1) oc [A]/2 exp (= 50— ) TAGx — )

p(A]x) |A\mexp ——tr(W +(x—p)(x- N)T]A)

p(AX) = W(IW ™+ (x—p)(x—p)"] v +1)
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Criticisms about conjugate priors

* There are criticisms about the conjugate priors.
People question that they are constructed just for
computational convenience. Are they really
appropriate? Are there any more appropriate priors,
which, however, are difficult to compute the
posterior?
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Exponential Family FSM

* A family of distributions that play the central role in
approximate Bayesian inference

p(x|m) = =——h(x)exp (u(x)Tn)
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Exponential Family FSM

* A family of distributions that play the central role in
approximate Bayesian inference

N
=
{

Any non-negative@at ensures a finite integral over the support;

Usually simply takes constant 1
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Exponential Family

* A family of distributions that play the central role in
approximate Bayesian inference

plon) = 7 h(x) exp ()" )

Sufficient statistics: a (vector) function of x
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Exponential Family

* A family of distributions that play the central role in
approximate Bayesian inference

p(x|n) = ﬁh(x) exp (u(x)T‘ﬂ_)‘

/

Natural parameters: the parameters that determine the distribution
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Exponential Family FSM

* A family of distributions that play the central role in
approximate Bayesian inference

p(xm) —#m x) exp (u(x) 1)

N

Normalizer/partition function

Z(n) :/h exp )dx
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Exponential Family FSM

* A family of distributions that play the central role in
approximate Bayesian inference

s = %h(x) exp (u(x)Tn)

Normalizer/partition function

/h cxp )dx This is a function of 7} 11!
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Exponential Family FSM

* A family of distributions that play the central role in
approximate Bayesian inference

p(x|n) = ﬁh(x) exp (u(x)Tn)

= h(x)exp (u(X)T’n —log Z(’n))

Log normalizer/partition function
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Exponential Family - Example ESU

* Many distributions belong to the exponential family

€T

Bern(x|u) = p®(1 — p)'~
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Exponential Family - Example

* Many distributions belong to the exponential family

Bemn(el) = p L =)

=exp (zlogp+ (1 — z)log(l — p))
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Exponential Family - Example ESU

* Many distributions belong to the exponential family

Bern(z|u) = (1 — p)'=*

= exp (zlogp+ (1 — z)log(l — p))

+log(1 — p))

= exp (ZL' log 7 s
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Exponential Family - Example ESU

* Many distributions belong to the exponential family

1—x

Bern(z|p) = p*(1 — p)
= exp (zlogp + (1 — z)log(l — p))

+log(1 — )

1
1—/)

0
= exp (aclog
L=

= (1— p)exp (zlog
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Exponential Family - Example ESU

* Many distributions belong to the exponential family

Bern(z|u) = (1 — p) exp (z log T A_L M)
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Exponential Family - Example

* Many distributions belong to the exponential family

Bern(z|p) = (1 — p) exp (zlog 7 /j

p(x|n) = ﬁh(x) exp (u(x)TT/)
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Exponential Family - Example

* Many distributions belong to the exponential family

Bern(z|p) = (1 — p) exp (zlog ;

7
L)
p(xln) = %mhoc) exp (u(x) ")

|

) = )
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Exponential Family - Example ESU

* Many distributions belong to the exponential family

Bern(z|p) = (1 — p) exp (zlog 1 /jﬂ)

p(x|n) = ﬁh(x) exp (u(x)Tn)
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Exponential Family - Example

e Multivariate Gaussian distribution

N e, B) = 12087 exp (= 2 (x = 1) TS — )
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Exponential Family - Example

e Multivariate Gaussian distribution

N el 3) = 282 exp (= 50— )57 (x — o)

1 1
= 273 ~1/? exp(—§uTE_lu) exp (tr(—ixxTZ_l) +x' (7))
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Exponential Family - Example

e Multivariate Gaussian distribution

N s, ) = [2r] ™2 exp (= 30— )57 (x — )

1 o 1 _ _
= |2w2|‘1/2exp(f§uTE Y1) exp (trE 1)(2 ')
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Exponential Family - Example

e Multivariate Gaussian distribution

N, ) = 2|2 exp (= 30c = ) TS (x = )

1 _ 1 2 -
:\27r2\*1/26xp(—§pﬁ2 l,u)exp(trE 5 (Z 'w)

wo-(HX ) =h)

Matrix form does not matter, because the trace operator is equivalent to
the inner product after vectorization

tr(ATB) = vec(A) " vec(B) i
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Exponential Family - Example

e Multivariate Gaussian distribution

N, 3) = 28] exp (= 2(x— ) 27 (x— )

1 1
= |2rx| /2 exp(—ﬁpTE_lu) exp (trz_l) (E_lﬂ))

= () -(20)

X

h(x) =1

Spring 2025
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Exponential Family - Example

e Multivariate Gaussian distribution

N s, ) = 28| exp (2 (3~ ) TS e~ )

i 1 E 1 - .
= 23] 1/20xp(f§uT2 L) exp (tr(fixxTE H+x"(Z7'w)

1 -
Z(n) = |2n2|*/? exp(guTE )
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Exponential Family - Example

¢ Multivariate Gaussian distribution

N e, 2) = 28] exp - 56— ) 10— )

1 1
= |273|"Y/2 exp(—iuTE*u) exp (tr(—EXXTEA) +x' (7))

I
Z(n) = 275 exp(;p £ p)

1
= |27 3|12 exp(ﬁuTE_IEE_lu)
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Exponential Family - Example

¢ Multivariate Gaussian distribution

N e, ) = 28]~ exp = S(x = 1) TS (x — )

1 1
= 273|712 exp(—§p,T271u) exp (tr(—ixxTEﬂ) +x1(Z7 ')

K

Z(n) = |27r2|1/zexp( 7D > SEENE )
7= (35, )

\2ﬂ2|1/26xp( p' ITIER T )

1
— D eXp(gnsz 'n,)

e
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Exponential Family - Spoiler ESU

* We can see the mapping between the (commonly
used) expectation parameters and the natural

parameters. _ _ S o
77— 2_1114 i 2

* There is an insightful connection between the two
types of parameters in terms of fisher information

matrix
I=E[-V?log(p(x|n))]
* This connection exhibits the essence of mean-field

variational inference and stochastic variational
inference.
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Exponential Family - Important Property
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Exponential Family - Important Property

p(xlm) = %h@c) exp (u(x)Tn)

Vleg Z(n) = %VZ(’I]) ‘ Z(n) = /h(x) exp (u(x)—rn)dx
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Exponential Family - Important Property

p(xlm) = %h(@ exp (u(x)Tn)

Viog 2(n) = 77V 2(n) (zon— [rxex (0 n)ax |
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Exponential Family - Important Property

p(x|n) = %h(@ exp (u(x) 1)

Vieg Z(n) =

70 )VZ(n) ‘ Z(n) = /h(x) exp (u(x)Tn)dx

VZ(n) = /h(x) exp (u(x)Tn)u(x)dx

The gradient of the log normalizer
\Y% log Z(T’) = E[U(X)] is the expectation of the sufficient
statistics!

CIS 5930: Probabilistic Modeling Spring 2025



Exponential Family - Important Property

The gradient of the log normalizer
V log Z(n) = E[u(x)] is the expectation of the sufficient
statistics!

We will review this property when we study the approximate inference
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Exponential Family - Important Property

V?log Z(n) = cov(u(x))

Leave it as your exercise
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Exponential Family - MLE ESU

* Suppose we have N iid observations D = {x;,...,xx}
How to estimate the natural parameters 17 ?

N

N
p(lm) = ] hxe) g exv (07 3 ux,)

=l =l
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Exponential Family - MLE ESU

* Suppose we have N iid observations D = {x;,...,xy}
How to estimate the natural parameters 17 ?

p(@m) =[] h(xn)Z( exp ( Z
N
log (p(DIm)) = —Nlog Z(n) + 1" > _ u(xy)
n=1
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Exponential Family - MLE ESU

* Suppose we have N iid observations D = {x;,...,xy}
How to estimate the natural parameters 77 ?

1 N
p(Dln) = 11 hxn) 75w exp ( Z

=

n=1

log (p(D|77)) = —NlogZ(n) + n' Z u(xy,)

N
Vliog (p(Dln)) =0 wmmm) VliegZ(n Z u(x,)
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Exponential Family - MLE ESU

* Suppose we have N iid observations D = {x1,..., XN}
How to estimate the natural parameters 17 ?

p(Dln) = Hh *n)7

~ XD (nT Z u(xy,)
N
log (p(D|n)) = —Nlog Z(n) +n" > _ u(xy)
Vliog (p(Dln)) =0 wmmmp VliogZ(n) = ~ Z Xp)

I \ )

E [u(x)] g
Empirical Mean
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Exponential Family - Conjugate Prior

1
Z(n)¥

p(nlx, v) < exp(vn’ x)
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Exponential Family - Conjugate Prior

p(nlx, ¥) o ﬁexp(vnTx)
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Exponential Family - Conjugate Prior

p(nl, v) o ﬁ exp(v T X)

p(x|n) = ﬁh(x) exp (u(x)Tn)

ﬁ exp (07 (vx + u(x)))

T

X +

p(n|x, X, v) x

v
v+1

p(n| u(x),v +1)

1
v+1
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Exponential Family - Conjugate Prior

Pl x, ) o ﬁ exp (17 (vx + u(x)))

|

v 1
7 - 1
Pl + —=u(),v + 1)
! J

T

V :pseudo count weighted sum of the sufficient statistics from prior
and observations
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Exponential Family - Conjugate Prior

* What are conjugate priors?
* What is the motivation of conjugate priors?

* What are the conjugate priors to commonly used
likelihoods?

* Definition of the exponential family

* How to turn the existing distribution into the
standard form of the exponential family

* Properties of the exponential family
* General conjugate priors to the exponential family
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