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Outline

* Bayesian networks
e Markov random fields

* |nference
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The Task ESL

* Compute the posterior of one or more subsets of
nodes given the observed nodes

10

ply) = pyl")p(a) p(zly) = PW2)P(E)

p(y)
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The Task ESL

* Compute the posterior of one or more subsets of

nodes given the observed nodes

T

_ O ol — PW2)P()
p(y) ;p(y\ )p(z') p(z|y) )

Key: compute the marginal of one or a subset of nodes!
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Let's Start with a Chain
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Let's Start with a Chain

1 ZTo ITN-1 a;ff

p(x) = %%,2(371,172)%,3(9627963) e '1/1N—17N($N—1,$N)
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Let's Start with a Chain

i T ITN-1 xff

p(x) = %7’/11,2(%1,362)1/12,3(3027303) : "¢N—1,N($N—17£L’N)

Each node takes K states and so each potential is a K x K table
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Let's Start with a Chain

€ To ITN-—-1 m,

1
p(x) = 21/11,2(3717552)%,3(112,563) - pN_1,N(ZN-1,TN)
Each node takes K states and so each potential is a K x K table

Let us consider to infer the marginal of a node x,,
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Let's Start with a Chain

X1 pip) IN-1 N
1
p(x) = Ew1,2($lax2)¢2,3($27$3) o pn_1N(TN-1,ZN)
Each node takes K states and so each potential is a K x K table

Let us consider to infer the marginal of a node x,,

Z DI ;Mx)

Tn—1 Tn+1
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Let's Start with a Chain

T X9 TN—-1 Zfi

P(X) : %7#1,2(5317 $2)¢2,3($27$3) e 'wal,N(foly-TN)

Each node takes K states and so each potential is a K x K table

Let us consider to infer the marginal of a node x,,

Z Z Z ZP How much cost?

Tn—1 Tnil
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Let's Start with a Chain

T To TN-1 xw

p(X) = %¢1,2($1,$2)¢2,3(CC2,903) 2 '¢N—1,N($N—1,$N)

Each node takes K states and so each potential is a K x K table

Let us consider to infer the marginal of a node x,

Z Z Z Zp How much cost?

Tn—1 Tn41 O(K*KN'l)
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Let's Start with a Chain

o X2 =1l mf
: 1 :

p(x) = 2%,2(3717%2)1?2,3(372,3?3) YN ,N(TN_1,TN)

RIRPIPIED WL

Tn—1 Tn+1

How to reduce the cost?

Key observations: many terms are repeated in the calculation, so we
can use the distributive law to save products and sums

a1by + ar1bs + azby + agba = a1 (b1 + b2) + aa(by + ba2) = (a1 + a2) (b1 + be)
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Let's Start with a Chain

p(rn) = %
> Ynotn(@nonfe) [Z bo.3(w2, 23) {Z 1/)1‘2(;617;62)H }
- fio (n)
annﬂ | Zny1) [de WG 1,;EN)} ]
13 (n)
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Let's Start with a Chain

1
p(zn) = A
Z wnfl,n(wnflv) S |:Z 1/)2,3(-'”27 "1:?) |:Z wl,Q(wl7x2):|:| ity ]
Pa(Tn)
Z’dhlu«#l .'L',,+1 |:Z¢N 1,N l‘N 17$N):| :|
Hﬂ(mn)
Lo (Ty) Nﬁ(l’n) messages
..... )
O OO0
T Tp—1 T Tp+1 TN
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Recursively,

o (xnfl) Ha (In) M (Z‘") Hp (InJrl)

N’a(ipn) = Z 'l/}nfl,n(x’n,flv x'n) Z b

Tn—1 Tn—2

Z 'L/Jnfl,n(xnfh xn)ﬂa (-Tnfl)-

liﬁ(mn) = Z 7/’n+1,n($n+lvxn) Z

Tn+1 Tn42

= Z w7L+1,7L(xn+1,xn)uﬂ(anrl)-
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Initial Message,

Mo (Infl) Mo (.7,’") 1255} (xn) Mg ('T'N,Jrl)

to(Z2) = Z@f)l,z(fﬁhfﬁz) pa(zn—1) ZlﬂN n(@N—1,ZN)

1 TN

Pea) = ha(za)ha(en)

Question: What is Z? Z = Z Po(Tn) s (zn)

T
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Summary: inference on a chain,

* To compute local marginals:
— Compute and store all forward messages, ta(zn)
— Compute and store all backward messages, us(z,)
— Compute Z at any node x,
— Compute
p(zn) = Eﬂa(xn)ﬂﬁ(xn)
for all variables required

What is the cost? O(NK?)

Question: how to infer the marginal of two neighboring variables?
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Let us generalize the idea to trees ESL

Tree-structured MRF Tree-structured Bayesian network

Why trees: tree structures can guarantee exact inference (we
will see it later)
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Factor graphs - bipartite graphs

x2

fa fb fc fd
p(x) = fa(T1,22) fo (21, 22) fe (22, 23) fa(3)

p(x) = H fs(xs)

CIS 5930: Probabilistic Modeling



Factor graphs - multiple choices

f
p(x) = ple)p(@2)  f(a1,@0,25) = fa(z1) = pla1)
p(asla, v2) p(x1)p(w2)p(s|21, 22) fo(ze) = p(a2)

fe(wr, w0, 23) = plas|zr, x2)
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Factor graphs for undirected graphs

Iy T2 Ty T2
fa
fo
€3 xr3
Y(x1, x2,23) f(z1, 22, 3) fa(z1, 22, 23) fo (@2, 23)
= (a1, 22,23) = (z1,x2,23)
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Overview: The Sum-Product Algorithm

* Objective:
— efficient, exact inference to find marginals

— When several marginals are required, allow
computations to be shared

Key idea: Distributive Law

a1b1 + a1bg + agby + agby = a1 (by + ba) + az(by + b2) = (a1 + a2) (b1 + b2)
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The Sum-Product Algorithm

Given a tree-structured graphical model

FS(:r7X5)

ne(x): factor nodes that are

p(x) _ Zp(x) neighbors of x

x\x . .
X.: variables in the subtree that

connect to x via the factor node
px)= [] F@X) =&

s€ne(x)
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The Sum-Product Algorithm

Fy(x, X,)

p@) = ]I

Z FS (:L" XS)‘|_
s€ne(z) L X

II w—e@.

s€ne(x)

:ufs—w(w) = ZFS(x, Xs)
Xs
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The Sum-Product Algorithm

Message from factor node

/ to variable node

Bfo—a(T)
—_—

E‘:(I7XS)

[

s€ne(x)

=

—
&

~—
|

Xs

= I wr—el@.

s€ne(x)

Hpo(@) = 3 Fule, X.)
Xs
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The Sum-Product Algorithm

Fs(fL',XS) - fs(xaxlv" . 71.1\/[)G1 (xlstl) .. .G]\,j (foast)

Xsm :variables in the subtree that connect to x first through x,, and then
through the factor node f,

Different Xsm do not overlap. Why?
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The Sum-Product Algorithm

G @y Xsm) Fy(z, Xs) = fs(w,21,...,20)G1 (x1, X61) .. G (s, Xoar)

Hdistribute the summation

.U“fh—’llf(x) = Z"'Zfs(m)xlw-'-,mﬂf) H Z Gm(mnnxmn):|
Xaom

1 T méene(fs)\z
= szs((l? T1ye., )
T M

mene(fs)\
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The Sum-Product Algorithm

T

Wf—a(T) = ZFS(ZF,XS)
Xe

—_—
/stﬁm(z)
Ha = fo(2m)

x’H’L

Fo(m, X5) = fo(@, @0, .. . 2 ,, . Xs1) ... Gt (war, Xon,
G, Xsm) s(@, Xs) = fo(x, 21, 200) G (21, Xo1) - - - G (@ar, Xonr)

distribute the summation

AU’f_,-—m;($) = szs(xy .ZUl,...,ibj\,j) H Z Gm,($mstm,):|

1 Tn mene(fs)\r LXem
= Z"'Z‘fs(m7xlz"'7xl\l) H Mwny,—)_fa(wnl)
Ty T mene(f.)\z

Message from a
variable node to a
factor node
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The Sum-Product Algorithm

T M

How to compute the
message from a variable
to a factor?

—
/ﬁfs—»r(x)
By — fo(2m)

Tm
GT” (.’B"L, Xs’m) Moty — fs (xm) = Z G'm (‘va Xsm)
X

sm

Very similar to how we compute p(x),
but with a small difference
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The Sum-Product Algorithm

Tn

—_—
/“Lf.-.-—‘./lr("l:)
L o (2 rm)

j@

Z

G’"L (x’ﬂh XS"L)

7Xml)

My £, (Tm) = Z Gn(Tm, Xsm) = Z H Fy(xm, Xom)

Xsm Xsm l€ne(zm)\fs

H Hfi—zm (Tm)

lene(zm)\ fs
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The Sum-Product Algorithm

* Now we have two message passing rules

U From a factor node to a variable node

,ufgﬂz Z ng Ty X1y ..oy Xar) H (K 3)

M mene(fs)\z

U From a variable node to a factor node

Moy — s (Tm) = H ffi = (Tm)
lene(xm )\ fs

Alternately pass messages!
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The Sum-Product Algorithm

* |nitial messages on the leaves
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The Sum-Product Algorithm

* How to conduct the order of message passing?

1. Pick an arbitrary node as the root

2. Compute and propagate messages from the leaf
nodes to the root, and store received messages at every
node

3. Compute and propagate messages from the root the
leaf nodes, storing the messages at every node
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The Sum-Product Algorithm

» After the message passing done, how to compute
the marginals?

R w—

Tl‘

p(z) H ZF (a3, 2% ‘|
s€ne(x)

H /J“f—mr

sene(x)

Just multiple the received messages of the variable, and
normalize as necessary!
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The Sum-Product Algorithm

* Why do we need normalization
— Undirected graphical models (MRF)

1
p(X) = E H lpc (Xc) The potentials are not normalization
C

— Some nodes have been observed

We actually fix the value of the observed
nodes in message computation
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The Sum-Product Algorithm

e P(x) = fa(21,22) fo (2, x3) fe(2, 24)
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The Sum-Product Algorithm: example

Haxy— fa (zl) =1
[ifo—as(T2) = Zfa(mhl"z)
1

/’LZ4—>fc(m4) = 1
pora(T2) = D fel@a,a)
T4

,Ltng.fb(l'z) = Hfo—zs (Z‘Q)Mfa*wz (.’EQ)
Bay (@) = > fol@2, T8 hay -
T2
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The Sum-Product Algorithm: example

o B < 22 ER— e 3
O—a—CO—=——0
fa 1 fo
f l“l':s"fb(x3) = 1
| R (@) = Y fol®,s)
&3
:uwz—n"a(x?) = ﬂfbﬁmz(x’z)ﬂfc—wg(xQ)
w Blama @) = fa(@1, @) hay— s (22)
IumZ"fc('/L.Q) = /"Lfa"wZ('rQ)#fbg’fl'g(:rQ)
Womas@1) = Y fol@2,@0) s . (®2).
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The Sum-Product Algorithm: example

= Hfa—ze (z2)p fo—a2 (w2)p fe—aa (w2)

{Z ful .1,1..,,2] {Z i .,,Z..I,;} {Z £ (o, “}
= Z;Zf @1, 22) fo(@2, T3) fol2, 24)
DB

L3 r3 Ta
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The Sum-Product Algorithm: implementation

U Step 1. Pick a root node x and arrange the graph
into a tree

U Step 2.
For each child factor f of x

Us-x(x) = Collect(f, x)

U Step 3.
For each child factor f of x
Distribute (x, f)
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The Sum-Product Algorithm: implementation

Collect (x, f)
if x is a leaf, return 1
for each child factor f; of x (note: not including f)

ufj_m(x) = Collect(f;, x)
return []; ufj_)x(x)

Collect (f, x)
if fis a leaf, return f(x)
for each child variable x; of f (note: not including x)
uxj_)f(x) = Collect(x;, f)
return Y,y £ 06 %1, e Xa0) T b ()
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The Sum-Product Algorithm: implementation

Distribute (x, f)
compute and store uy_,r(x) directly
if fis a leaf, return
for each child variable x; of f (note: not including x)
Distribute (f, x;)

Distribute (f, x)
compute and store pr_,,(x) directly
if x is a leaf, return
for each child factor f; of x (note: not including f)
Distribute(x, f;)
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What about general graphs

* In general graphs that contain cycles, sum-product
cannot guarantee exact inference

* The exact inference on general graphs is called
Junction tree algorithm

— It first merges factors and turns the initial graph into a
junction tree and then run a sum-product-like algorithm

— Intractable on graphs with large factors
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Loopy Belief Propagation (LBP)

* We can still apply sum-product on general graphs as
an approximate inference algorithm

* First initialize all the messages with 1 (or random)

* Run sum-product (with any message passing order)
repeatedly until convergence (not guaranteed!)

* Often works really well, sometimes totally fail

 Striking connections between LBP and decoding
(turbo codes) in information theory
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The max-sum algorithm

* Asimple variant of the sum-product algorithm
* Objective: an efficient algorithm to find

— The value x,,,, that maximizes p(x)
— The value of p(x,,.,)

* Very important in many tasks, e.g., structure
prediction, decision, ....
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The max-sum algorithm FSM

* In general, maximum marginals # joint maximum

|:1::O r=1
=0 0.3 0.4
1

0.3 0.0

argmaxp(z,y) =1 argmaxp(x) =0
X X
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Maximizing over a chain

Ty o TN—-1 TN

= max p(x) = max. .. max p(x)
X ZT1 M

1
= Emax"'max[wl,z(xl’$2)"‘wN—l,N(xN—lny)]
1 TN
1
Z

i {H;&;X {1/11,2(561,932) [ '-IgiX¢N—1,N(IN—1,$N)} ”

CIS 5930: Probabilistic Modeling

Spring 2025



Observation

* We still have the distributive law
max(ab, ac) = amax(b, c)

So we can simply replace sum by max in the sum-
product algorithm!
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Observation

* Generalizes to tree-structured factor graph

m)a(xxp(x) - nglc%x H n}(%x e 6)
fs€ne(xy)
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Observation

* To enhance numerical stability, we take log
In (maxp(x)) = max In p(x).
The distributive law still holds

max(a + b,a + ¢) = a + max(b, ¢)

So we only need to replace sum by max, product by sum
in the sum-product algorithm
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The max-sum algorithm

Initialization message (leaf nodes)
po—g(z) =0 Hf—a(z) =1In f(2)

Message passing (recursively)

Pi—g(z) = max |Inf(z,21,...,2m)+ Z Ha—f(Tm)

mene(fs)\z

Hamp(@) = D Hpi—al(2)

lene(z)\ f
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The max-sum algorithm

* First pass from leaves to the root and the second
pass from the root to leaves

¢ Termination

pmax — m;?.X Z K —>m
s€ne(x)
G = OERmERR Z ,ufﬁ_m(fv)
s€ne(x)
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The max-sum algorithm FSM

* How to find the global configuration x,,,, that gives
the maximum probability?

* We need to store a quantity to tell us how to trace
back to the variable value that maximizes the
previous sub-problem (back-tracking)

* So each message can contain two component: (1) the
max-sum value (2) the variable value that gives the
max-sum (i.e., argmax)
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The max-sum algorithm
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The max-sum algorithm

* This is essentially dynamic programming

* For hidden Markov models, this is known as Viterbi
algorithm
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What you need to know

* Factor graph definition
* Sum-product algorithm
* Message-passing

* Accurate for tree-structured graphs, not guaranteed
to be accurate for graphs with cycles

* Loopy belief propagation
* Max-product algorithm, max-sum

* Be able to implement the algorithms!
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